Using the quasi-particle approach, we studied the problem of the reflection of quadratic spatial solitons from an interface between two (2) media with slightly different linear and nonlinear properties. The possibility of soliton capture by an interface associated with nonlinear surface wave excitation is shown. The calculations are carried out for the well-known single as well as a novel type of multihump soliton, for which we obtain a new analytical expression in the nonlocal limit for the first time to our knowledge.
INTRODUCTION
Media with a nonzero nonlinear susceptibility (2) , such as lithium niobate, ␤-quartz, barium titanate, and KTP are highly promising prospective materials for creating all-optical switching, scanning, and processing devices, particularly those based on the use of spatial solitons, that is, optical beams with diffraction broadening offset by the self-focusing properties of a nonlinear medium. In this context the interaction of spatial solitons with nonlinear interfaces is an important field of investigation because the interface can provide beam scanning over a wide range of angles with fine variations of the angle of incidence upon the interface. At the same time, an interface is a guiding system, and the capture of spatial solitons may be associated with nonlinear surface wave excitation.
Spatial quadratic solitons arise as the result of the parametric interaction of electromagnetic fields at fundamental (FF) and doubled (second harmonic, SH) frequencies and behave as stationary two-frequency wave beams. Such a field structure is caused by degenerate three-wave coupling in anisotropic crystal and is related to the nonlinear mixing of two identical ordinary waves to yield one extraordinary wave (type I). It is well known that in this case the propagation of electromagnetic beams can be described (see, for instance, Ref. 1) by means of two parametrically coupled scalar wave equations corresponding to FF and SH electromagnetic fields:
where E and E 2 are the electric field amplitudes of FF and SH, respectively; ⑀ and ⑀ 2 are the linear dielectric permittivities at the frequencies and 2; is a nonlinear coefficient; k 0 ϭ /c is a free-space wave number; and c is the speed of light. Further, we consider (1 ϩ 1)-dimensional wave fields, so the Laplacian in Eqs.
(1) contains only two components, ⌬ ϭ ‫ץ‬ 2 /‫ץ‬x 2 ϩ ‫ץ‬ 2 /‫ץ‬z 2 , where x and z are Cartesian coordinates. Spatial solitons are just stationary solutions of Eqs. (1) of the form
where ⌿ 1,2 (x) are spatially localized real functions and i is the imaginary unit. The wave numbers h 1,2 must satisfy the condition of phase matching, 2h 1 ϭ h 2 . Substitution of Eq. (2) into Eqs. (1) yields the following set of equations:
tion of Eqs. (5) for investigation of the interaction of spatial solitons with the interface. It is shown below that the character of such an interaction dramatically depends on the transverse structure of the spatial solitons.
ANALYTICAL EXPRESSIONS FOR QUADRATIC SPATIAL SOLITONS: BACKGROUND
The analytical solution of Eqs. (5) is known only for certain values of ␦. For example, in the so-called cascading limit, when ␦ ӷ 1, the relation between U and V becomes approximately local,
and Eqs. (5) can be reduced to one equation with an equivalent cubic nonlinearity:
The solitonic solution resulting from relations (6) and (7) is
This solution is incorrect only far enough from the soliton core that the electromagnetic field becomes exponentially small.
Another example corresponds to the case ␦ ϭ 1. Obviously, the set of equations (5) has an exact specific solution:
An elegant approximate solution for single-hump solitons was obtained recently 2 for arbitrary values of ␦ by use of an appropriate trial function for the SH field and a corresponding exact solution of the linear eigenvalue problem for the FF field. However, it does not describe multihump solitons, for which we present an approximate analytical solution below.
MULTIHUMP SOLITONS: ANALYTICAL SOLUTION IN THE NONLOCAL LIMIT
Let us consider the case of small values of ␦, ␦ Ӷ 1. In contrast to the cascading limit, in this situation the coupling of FF and SH fields is essentially nonlocal, so that the FF field depends not only upon the value of V but mainly on the second derivative of V.
Using the Green's function of Eq. (5a), where U 2 is considered a source, we can express V in an integral form:
Substituting Eq. (10) into Eq. (5a) gives us an integrodifferential equation for U:
The corresponding integral can be calculated in the cascading limit ␦ ӷ 1 as well as in the opposite case ␦ Ӷ 1 (nonlocal limit). When ␦ ӷ 1,
As a result, instead of Eq. (11) we have the well-known equation (7) for U(x) with an effective cubic nonlinearity, which has the localized solution (8).
In the nonlocal limit ␦ Ӷ 1, if the characteristic scale of U 2 is much less than 1/␦, integration yields (see also Ref.
where
dx is proportional to the energy flux of the FF field (P 0 also determines the energy flux of the SH field) and has to be found self-consistently from the solution of the equation that appears after substitution of Eq. (12) into Eq. (11):
Linear equation (13) governs the structure of a FF field trapped by an effective dielectric waveguide. Thus the problem is reduced to finding the localized eigenmodes of Eq. (13). An exact solution of Eq. (13) can be written in explicit form:
where J (s) is a Bessel function, ϭ 2/␦, P ϭ P 0 /2␦, and ϭ x/. A is a constant, which should be determined from the condition of self-consistency for P 0 . The conti- nuity of U and dU/d at ϭ 0 provides a discrete spectrum of eigenvalues of P, given by
The number of each root of Eq. (15) coincides with the number of the corresponding eigenmode of Eq. (13). Figure 1 shows the dependence of P (n) on , where n is the mode number. The value n determines the number of FF field variations in the soliton or, alternatively, the number of humps in the FF field (2n Ϫ 1). It is necessary to note that the initial assumption concerning the ratio of the transverse scales of the FF and SH fields is maintained only for several modes, the number of which increases as increases. Figure 2 shows good agreement between the above analytical solution (solid curves) and the exact numerical solution (dashed curves) found by the relaxation technique.
Thus the solutions obtained in the nonlocal limit include both single-hump and multihump solitons. The remarkable feature of these solitons is the discrete spectrum of the captured energy flux at a given phasemismatch parameter. Of course, the solution obtained in Ref.
2 for single-hump solitons is more precise than the above solution in the nonlocal limit, since the latter does not describe the SH field correctly in the vicinity of the soliton peak. Therefore, as far as the single-hump solitons are concerned, the solution found in Ref. 2 is preferable. At the same time, the analytical solution that we present describes the whole family of multihump solitons, has adequate precision, and seems to be valuable for stability analysis as well as for numerical applications.
QUASI-PARTICLE THEORY
This paper presents a quasi-particle approach to the investigation of the interaction of spatial solitons with an interface between two quadratically nonlinear media with slightly different parameters. A similar method was developed previously for some problems of spatial-soliton dynamics in cubic and photorefractive media. 4, 5 In the present paper we modify this approach for the investigation of the interaction of spatial solitons with an interface between two quadratic media. Therefore we assume that an interface is placed at x ϭ 0 in the ( y, z) plane. Let us represent the parameters of the inhomogeneous medium in the following form:
is step function. We also assume that
Then we can rewrite Eq. (1) for the electromagnetic field of the FF and the SH in the following form: 
where the driving terms F 1,2 according to Eq. (17) are as small as the parameter
and the perturbation theory can be developed. By a standard method we seek the solutions of Eqs. (18) in the form of a soliton with a slowly varying position:
where ⌿ 1,2 ͓x͔ are solitonlike solutions of the set of equations (3), 1,2 are small corrections to the transverse structures of the electric fields at the FF and the SH, and x s is the soliton center of gravity, which changes slowly as a function of z. Phase corrections h 1,2 (dx s /dz)x take into account a small incline of the trajectories of the soliton position relative to the z direction. Substitution of Eq. (19) into Eqs. (18) after linearization yields the following set of equations for 1,2 :
The homogeneous set of equations (20) has four eigenlocalized solutions corresponding to translational and phase invariance of the initial equations: 
The second condition (21) in our case is fulfilled automatically, since S 1,2 are real. The first condition yields a Newtonian-like equation that describes the dependence of the spatial soliton position on z. Coming back to the dimensionless variables of Eqs. (4), U and V can be written in the form
is the effective soliton mass and
Here
It is necessary to draw attention to nonparaxial corrections to the effective soliton mass M that are proportional to the squared derivatives of U and V. The corrections appear within the quasi-particle approach used if we start from wave equations (18). The effective force F consists of two separate parts, ⑀ and , which are associated with jumps of the linear and nonlinear properties of the medium at the interface, respectively. One should note that the function ⑀ can be independently derived by the well-known momentum method, and it is actually a linear refractive force that is responsible for the curvature of the rays arising from an inhomogeneity of the linear dielectric permittivity. In concluding this section, Ref. 7 should be mentioned. It also concerns the problem of reflection of quadratic solitons from a nonlinear interface. The problem was solved in terms of integral field characteristics. However, in Ref. 7 the possibility of soliton capture by the interface was not discussed. 8 Note that the effective potential profiles found in Ref. 7 exactly coincide with the one obtained by the Kaup method. 
RESULTS

Let us introduce an effective potential
Now the spatial dynamics of the beam near the interface between two quadratically nonlinear media can be represented like the motion of quasi particle in an external effective potential W eff (x s ). W eff (x s ) dramatically depends on the transverse structure of the soliton and on the parameters L and NL . Figures 3 and 4 show theoretical profiles of the effective potential at various values of L and NL in the cascading limit (Fig. 3 ) and in the nonlocal limit for triple-peak spatial solitons (Fig. 4) obtained by use of the approximate solution from Section 3.
The presence of potential extrema testifies to the possibility that the spatial solitons can be captured by an interface that may be associated with nonlinear surface wave excitation. Thus a nonlinear interface can be a waveguide for spatial quadratic solitons, and minima and maxima of the potential determine the corresponding stable and unstable states, respectively. In Fig. 5 some trajectories of the center of gravity of the triple-peak beam corresponding to the effective potential profile represented in Fig. 4(b) are shown. In this case solitons are launched from the region x s Ͻ 0 with an initial effective kinetic energy (or, in other words, at an angle of incidence onto the interface) close to the maximum effective potential (or to the separatrix on the phase plane). This picture demonstrates the possibility of strong ray scanning with small variations of the initial conditions.
As we have seen, not every interface is able to trap a soliton of definite transverse structure. In this context it seems to be important to identify the range of interface and soliton parameters for which the capture can take place. In the general case only numerical methods allow us to determine this range. 
Bearing in mind that this solution is highly accurate for arbitrary values of ␦ 2 , one may expect a correct description of the corresponding region of parameters where the capture can occur. The interface makes the capture of the beam possible in the region of parameters where the effective potential has extremum points or, in other words, where the force F can be equal to zero. After substitution of Eqs. (25) into Eqs. (23) and calculation of the corresponding integral, we find explicit expressions for ⑀ and : 
In Fig. 6 the desired parameter regions are plotted on the plane of two independent parameters,
ϫ ( NL / L ) and ␦ 2 . The first characterizes the nonlinear interface, and the second the soliton structure. The border of these regions, shown in Fig. 6 as the thick curve, is represented as follows:
where ␦, U m , V m , and p are coupled parametrically by means of Eqs. (25). Within these regions, indicated in Fig. 6 by shading, the existence of angles of incidence leading to soliton capture is ensured.
We have also performed numerical simulations based on parabolic equations, which are just paraxial approximation for Eqs. (18). The initial conditions were taken in the form of Eqs. (8) with soliton and interface parameters corresponding to the potential plotted in Fig. 3(b) . The results of the simulations are presented in Fig. 7 , where the soliton has been launched to the interface at various angles of incidence. These simulations demonstrate good agreement with quasi-particle theory and exhibit all those effects predicted by Eq. (22).
In this paper we ignored radiative processes that can emerge on interaction of the spatial soliton with an interface. In spite of smallness of such effects, they can lead to the capture of radiation into a stable branch of a non- Fig. 5 . Trajectories of triple-peak spatial solitons with initial effective kinetic energies (1/2)M(dx s /dz) 2 close to a separatrix associated with the saddle point at the maximum effective potential indicated by the arrow in Fig. 4(b) . Trajectories 1 and 2 correspond to an initial kinetic energy somewhat below the maximum potential, 3 to a kinetic energy close (slightly above) to the maximum, and 4 to a kinetic energy higher than the plateau of the effective potential. Fig. 6 . Regions of parameters (shaded) where soliton capture by the interface can take place (⌬⑀ 2 /⌬⑀ ϭ 1). Fig. 7 . Numerical simulations. A soliton in the cascading limit is launched to a nonlinear interface at various angles. The soliton and interface parameters correspond to the potential illustrated in Fig. 3(b). (a) transmission, (b) capture, (c) reflection.
linear surface wave and to the finite region of angles of incidence yielding beam confinement.
CONCLUSION
In conclusion, we presented a quasi-particle approach to the description of the reflection and transmission of quadratic spatial solitons at oblique incidence onto an interface separating two (2) media. It has been shown that the possibility of capture of a self-sustaining beam by such an interface takes place. This trapping may be associated with nonlinear surface wave excitation.
